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Abstract: Given a fixed multigraph H with V(H) = {hy, ..., hn}, we
say that a graph G is H-linked if for every choice of m vertices
Vi,...,Vm In G, there exists a subdivision of H in G such that for
every I, v; is the branch vertex representing h;. This generalizes the
notion of k-linked graphs (as well as some other notions). For a family
‘H of graphs, a graph G is H-linked if G is H-linked for every He
H. In this article, we estimate the minimum integer r = r(n, k, d) such
that each n-vertex graph with 02(G) > r is H-linked, where H is the
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family of simple graphs with k edges and minimum degree at least
d > 2. © 2008 Wiley Periodicals, Inc. ] Graph Theory 58: 14-26, 2008
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1. INTRODUCTION

Let H be a graph. An H-subdivision in a graph G is a pair of mappings f : V(H) —
V(G) and g: E(H) into the set of paths in G such that:

(a) f(u) # f(v) for all distinct u, v € V(H);
(b) for every uv € E(H), g(uv) is an f(u), f(v)-path in G, and distinct edges
map into internally disjoint paths in G.

A graph G is H-linked if every injective mapping f : V(H) — V(G) can be
extended to an H-subdivision in G.

Let Sk be a star with k + 1 vertices. Then a graph is k-connected if and only if it
is Sg-linked, by Fan Lemma due to Dirac [2].

Recall that a graph is k-linked if for every list vy, ..., v, wy, ..., wy of 2k
vertices, there are internally disjoint paths Py, ..., Py such that P; connects v; and
w; for each i. It is known that a graph with at least 2k vertices is k-linked if and
only if it is M-linked, where M, is a matching of size k.

A graph is k-ordered, if for every ordered sequence of k vertices, there is a
cycle that encounters the vertices of the sequence in the given order. Let C; denote
the cycle of length k. Clearly, a simple graph G is k-ordered if and only if G is
Ck-linked.

Recall that Dirac [1] found sufficient conditions for a simple graph G to be
Hamiltonian in terms of the minimum degree, §(G), and Ore [15] found similar
conditions in terms of 0,(G), the minimum value of the sum deg(u) + deg(v) over
all pairs {u, v} of non-adjacent vertices in G. For a family H of graphs, let Dy/(n) be
the minimum integer d such that for each n-vertex graph G with 6(G) > d, G is H-
linked for every graph H € ‘H. Similarly, let Ry (n) be the minimum integer r such
that each n-vertex graph G with 0,(G) > r is H-linked for every graph H € H.
When 'H = {H}, we use the notation Dgy(n) = Dy(n) and Ry(n) = Ry(n).

Several authors studied D¢, (n) and R (n), see [3-5,7,10,12,14], and it was
shown in [12] that D¢, (n) = |n/2]| + [k/2] — 1 for every n > 5k 4 6 and in [5]
that Rc,(n) =n + [(3k — 9)/2] for every 3 <k < n/2. The values Dy, (n) and
Ry, (n) were determined in [9] for all n and k. After the concept of H-linkage was
introduced independently in [11] and [6], the value Dy(n) was also studied for
more general H.

Let H(k, d) be the collection of simple graphs with k edges and minimum degree
atleastd. It was shownin [13] that Dy 2y(n) = [(n + k)/2] — 1foralln > 5k + 6.
In particular, it occurs that Dy q)(n) = Dy 2y(n) for every d > 2.

Journal of Graph Theory DOI 10.1002/jgt
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The value Dy (n) for an arbitrary multigraph H was discussed in [6,8,12].
In this article, we study the function Ry 4)(n). We determine Ry 2)(n) for all
n>k.

Theorem 1. Let k > 3 and H(k, 2) be the family of simple graphs with k edges
and minimum degree at least 2. Then

[n+ (Bk—9)/2], ifn>25k-5.5,
Ryey(n) = 1 [n+ Bk —8)/2], if 2k <n <2.5k-—5.5,
2n — 3, ifk<n<2k—-1.

Observe that the value of Ry 2)(n) is not always the same as R¢,(n), and also
that Ry 2)(n) > 2Dk 2)(n) when k and n are large.

We also give upper bounds on Ry 4)(n) ford > 3 whenn > 2k and k > d(d +
1). These bounds are exact if d divides k and differ by 1 from the lower bounds in
other cases. Note that simple graphs with k edges and minimum degree at least d
exist only if k > d(d + 1)/2.

Theorem 2. Let d > 3 and k > d*. Let H(k, d) be the family of simple graphs
with k edges and minimum degree at least d. Then forn > k — 1+ d + 3k/d,

k+1
Rypan) <n+k—d—3+ — |- )

Furthermore, if k > d(d + 1), then Ryuq(n)>n+k—d—4+ (’%ﬂ If, in
addition, d divides k, then we have equality in (1).

In both, Theorems 1 and 2, we actually prove a stronger statement: in the
subdivisions of H that we find, each edge of H is replaced by a path of length
at most 3.

Unlike in the situation with Dy 4(n), we have Ry q4)(n) < Ry 2)(n) when
d>2andk >d(d+1).

In the next section, we prove the upper bounds for Theorem 2. Then in Section 3,
we show how to modify this proof in order to get the upper bounds for Theorem 1.
In Section 4, we prove the lower bounds by giving examples.

2. UPPER BOUNDS FOR THEOREM 2

Letd > 2 and k > d>. Let G be a graph with n > k — 1 + d + 3k/d vertices and
02(G) >n+k(1+1/d)—3 —d. Let H be any simple graph with k£ edges and
minimum degree at least d.

Let f : V(H) — V(G)be an injective mapping and S = f(V(H)). Let E(H) =
(@ =uM?:1<i<k} Forl<i<k letu, = f@d), vi=f"), e; = (u;, vy),
Bi = ﬁ and y; = Since 8(H) > d, we have s = |S| = |V(H)| <

2k/d.
Journal of Graph Theory DOI 10.1002/jgt
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ORE-TYPE DEGREE CONDITIONS 17

Assume that u;v; € E(G) fork — w+ 1 <i <k, where w > 0.

Construct the auxiliary bipartite graph B with partite sets W; and W, as follows.
Let W) ={ey, ..., ex—w}, Wo = V(G) — S, and let a pair (e;, v) be an edge in B if
v € Ng(u;) N Ng(v;). If B has a matching saturating Wy, then this matching gives
the required linkage. Otherwise, let m be the size of a maximum matching in B.

By Ore’s theorem on maximum matchings in bipartite graphs, thereisa Q € W,
withk —w —m = | Q] — |[Ng(Q)|. Denote R = Ng(Q)and L = V(G) — S — R.

We may assume that Q ={e;:i=1,...,q}. Let Q' = {u;, v} (the
elements of Q are ordered pairs, and the elements of Q' are all the elements
of these pairs). Note that |Q]| =¢, |Q'| <2q, |R|=qg—k+w+m, and |L| =
n—s+k—q—m—uw.

Let P be a maximum matching in B. By the definition of Q and Konig-
Ore Theorem on matchings in bipartite graphs, every maximum matching in
B covers all vertices in W; — Q. Hence, we may assume that only vertices in
D ={ey,...,er_w_m} are not covered by this matching. Let D' = {u;, v; : 1 <
i <k —w — m}. Consider the linkage P corresponding to P. Let Z be the set of
vertices of V(G) — S not participating in the linkage. Clearly, |Z| =n — s — m.

Claim 1. Let¢i(k,d,s,w)=k—1+d+ [5] — s — wand sk, d,s) = k +
l—d—}—(%} — 8. Then forevery 1 <i <k —w —m,

[((N(u;) " N(v;)) — S| = max{¢(k, d, s, w), p2(k, d, 5)}. ()

In particular, m > max{¢,(k, d, s, w), ¢p»(k, d, s)}.

Proof. Since u;v; is not an edge in G, vertices u; and v; together have at most
2s — 4 neighborsin S (counted with multiplicities). On the other hand, since §(H) >
d, the number of such neighbors is at most 2s — 2(d + 1) + w. But deg;(u;) +
deg,;(vi) >n+k+ f%] — 3 — d. It follows that u; and v; have at least (n + k +
|—k§—1-| —3 —d)—max{2s — 4,25 — 2(d + 1) + w} — (n — s) common neighbors
outside of S, which yields (2).

The second statement of the claim follows from (2) and Hall’s Theorem. |

Remark. Recall that Hall’s Theorem yields that if the degree of each vertex u €
W1 in a bipartite graph B = (W, Wy; Ep) is at least ¢, then there is a maximum
matching covering any given ¢ vertices in Wy (provided that ¢ < |Wj|).

Claim 2. One can choose a maximum matching P (of size m, by definition) in B
in such a way that for every 1 <i <k — w — m, either of u; and v; has at least
d — 0.5w non-neighbors in S.

Proof. By the remark above, we can cover by edges in P any [¢a(k, d, 5)]
vertices in . We will choose them as follows. For every v € §, let w(v) denote
the number of edges in W = {ex_y+1, ..., €} incident to v. Order yy, ..., v,
the vertices of S in such a way that degH(f_'(y,»)) —w(y;) < degH(f_'(y,»H)) —
w(y;+1) for every i < s — 1. Note that the value degH(f_l(y,-)) — w(y;) is a lower

Journal of Graph Theory DOI 10.1002/jgt
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bound on the number of non-neighbors (in the graph G) of y; in S (not counting y;
itself).

We first include in P the edges covering all vertices in Q that correspond to the
pairs {u;, v;} containing y, then those containing y,, and so on, until we include
[d2(k, d, s)] vertices. After this, by the remark above, we can complete P to a
maximum matching. Observe that ford > 2, k > d? ands < 2k/d,

d)z(k,d,s)zk—l-l—d—l—]%l—zcl—k:é—i-(d—l)(g—l) > (d — 1)
Also, for every d, 1 + (d — 1)> > 2(d — 1). We will show that such choice of P
provides that for every i < k — w — m each of u; and v; has at least d — 0.5w
non-neighbors in S.

Let FF = (S, EF) be the graph with the vertex set S and edge set Er = {u;v; :
k—w+1<i<k}. By definition, if a vertex ye€ S has exactly d—1I
non-neighbors in S (in G), then deg(y) > . Also, we care only about / > 1.

If degH(f_l(yl)) — w(y1) > d, then, by the choice of y, there is nothing to
prove. If degH(f_l(yl)) —w(y1) <d-—1and degH(f_l(yg)) — w(yz) > d, then
our matching P covers all vertices corresponding to pairs {u;, v;} containing yy,
and every other vertex in S has at least d non-neighbors in S. If deg, (f~'(y2)) —
w(yz) < d — 1, then P covers all vertices corresponding to pairs {u;, v;} containing
y1 and y,. The only case of a simple graph F' with w edges in which some three
vertices have degree greater than w/2 is the graph K3, in which case the trouble
occurs if degy(f~'(y1)) — w(y1) = degy (' (32)) — w(y2) = degy, (f~'(y3) —
w(y3) =d — 2. But for every d > 2, we have 1 + (d — 1)> > 3(d — 2) and all
pairs {u;, v;} containing y; with i <k — w will be covered by P. This proves
the claim. |

Lemmal. n—s—m>2k—m— w).

Proof. Assume thatthe lemmais false, thatis, thatn —s —m < 2(k — m — w).
It follows that m < 2k — 2w + s — n. Taking into account (2), we get

k+1
k—1+d+ T —s—w<?2k—-2w+s—n

and hence n <k —w+2s+1—d— |_kdil—| Since s < de—kJ, we have n < k +
LyiT_lJ + 1 — d, a contradiction to the condition n > k + 1 — d + 3k/d. [

By Lemma 1, foreveryi =1, ...,k — m — w, we can assign a vertex z; € Z to
u; and a vertex z; € Z to v; so that the assigned vertices in Z are all distinct. Also,

foreveryk —w —m + 1 <i <k — w, let y; be the common neighbor of «; and v;
corresponding to the matching P above.

Lemma 2. There exists an assignment A such that every z; is adjacent to u; and
every z; is adjacent to v;.

Journal of Graph Theory DOI 10.1002/jgt
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Proof. Fori=1,....k—m—w, let X; ={u;, v;, z;,z;}, for i =k —w —
m4+1,...,k—w,let X; ={u;,v;,y;}, and fori=k—w+1,...,k, let X; =
{ui, vi}. Let X = U, X; and ¥ = {Ykcwms1s - - Yiew)-

Fori <k —m — w, u; (or v;) is senior if it has at least kK — w — m neighbors
outside of S U Y, otherwise it is junior.

Claim 3. The vertices 21, 2}, . . ., Zk—m—w» Zf_,,_,, Can be chosen so that for each
senior vertex u; (respectively, v;), z; is adjacent to u; (respectively, z; is adjacent
to v;).

Proof. Consider the auxiliary bipartite graph F = (F}, F>; Er), where Fj is
the set of senior vertices (taken with multiplicities) and F, = V(G)— S — Y.
We join a vertex in F; with a vertex in F, if the corresponding vertices are
adjacent in G. Then our claim is equivalent to the existence of a matching
saturating F in F.

Suppose that F' has no matching saturating F;. Then by Hall’s Theorem there
exists T C Fj such that |[Ng(T)| < |T| — 1. By the definition of senior vertices,
|T| > |Np(T)| = k —w — m. Then since |F;| < 2(k — w — m), there is some i
such that u;, v; € T. Note that (N(u;) N N(v;)) — S — Y = (§ by the maximality
of m. Therefore, |Np(T)| = (k — w —m) + (k — w — m) > | Fy|, a contradiction
to the choice of 7. [ ]

Among choices of z; and z; satisfying Claim 3, choose one with the maximum
number of edges of the kind z;u; and z;v;. Suppose that uz; ¢ E(G). Then u; is
junior and hence has at most k — w — m — 1 neighbors outside of S U Y. By the
choice, u; has no neighbors outside of X.

Claim 4.

1
IN(u) N(X — S)| + [N(z)) N S| < k(1 +1/d) — 1 — wdT.

Proof. Fori=1,...,k, let p; denote the sum of the number of neighbors of
uyin{z;, zj} (fk—w—m+1<i<k—w,thenz; =z, =ysifi >k—w+1,
then {z;,z;} =¥) plus B; if u; € Ng(z1) and plus y; if v; € Ng(z;). By the
definition,

k
Y pi=IN@)N(X = S) +[Nz)NS|.

i=1
Thus, we need to estimate Zle pi.For j =0,1,2,let

I; = {i : u; has exactly j neighbors in {z;, z} )

Ifi € Iy, then p; < B; + v; < 2/d. Moreover, if i < k — w — m, then z; cannot be
adjacent to both u; and v; by the maximality of m.Hence p; < 1/difi <k —m — w.

Journal of Graph Theory DOI 10.1002/jgt
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Ifi € I;,then z; cannot be adjacent to both u; and v;, since otherwise we switch z;
with the element of {z;, z;} adjacentto u;. Thus, in this case, p; < 1 + max{g;, y;} <
1+1/d.

Leti € I,. If z; is adjacent to, say, u;, then we switch z; with z; and get a better
assignment. Thus, in this case, p; = 2.

Since u; is junior, |I| < |Iy] — 1 — w and hence some i’ < k — m — w belongs
to Ip. It follows that

+1

a 2 d
dopi<pit (bl =1+

1 2|1
' p 11| + 2|12
i=1
2 d+1 d+1 d—1
< pr -4+ —k-1-w) < —k—-—1—-w——mr.
sprtwgt e W=y Y
This proves the claim. |

ByClaim2, [N(u;)N S| <s—1—d+ w/2.Since |[N(u;) N (V(G) — X)| = 0,
Claims 2 and 4 yield

deg(1) + deg(z1) = IN1) N S| + [NGup) N (X — 5|
+INGD) N (V(G) — )|+ ING@) N S|
<(s—1 —d+%>+|N(u1m<X—S>|

+(n—1-5+|Nz)NS|

w d—1
5n—2—d+5+k(1+1/d)—1—w7,

a contradiction to deg(u;) + deg(z;) > n+ k(1 +1/d) —3 —d. |

Lemma 3. The assignment A in Lemma 2 can be chosen in such a way that for
every 1 <i <k—m —w, z; is adjacent to Z,.

Proof. Choose an assignment .4 satisfying Lemma 2 so that as many as possible
z; are adjacent to corresponding z;. Define X;(i = 1, ..., k), X, and Y as in the proof
of Lemma 2. We may renumber (u;, v;) so that, for some 0 </ <k — w — m, we
have z;z; € E(G)ifl+1 <i<k—w-—-mandzz ¢ E(G)ifl <i <L Ifl=0,
then the lemma holds. Suppose that/ > 1.

Fori =1, ..., k,let g; denote the number of neighbors of X (with multiplicities)
inf{z;,z)} (f k—w—-—m+1<i<k—w, then z; =z, = y;) plus B; times the
number of neighbors of u; in {z;, z|} and plus y; times the number of neighbors of
v; in {z, z|}. By the definition, Zf: 1 ¢i 1s equal to the total number of neighbors
of X in X (counted with multiplicities) minus the total number of the neighbors
of the set {u;, v;} in S (also counted with multiplicities).

Journal of Graph Theory DOI 10.1002/jgt
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Since / > 1, each member of X; has exactly one neighbor in X;, and hence
g1 =2+ p1+y.Clearly, q; <2(Bi +y;) <4/dfork —w+1<i<k.
Claim 5.
- 6+2/d, for2 <i<k—w-—m,
M=Va42/d fork—w-m+1<i<k—w.

Proof.

Case 1. 2 <i <k — w — m. By the maximality of m, neither of z; and z| is a
common neighbor of #; and v; and neither of z; and z; is a common neighbor of u;
and v,. Thus, ¢; < 6 +2max{g;, y;} <6+ 2/d.

Case2. k—w—m+1<i<k—w.Ifu;orv is not adjacent to y;, then ¢; <
342(Bi + v:) <4+ 2/dand we are done. Thus, we may assume that u;y;, v1y; €
E(G). If gq; > 4+ 2/d, then z; and z) together contribute more than 2 4 2/d to
g;. In this case, either z; or 2z} is adjacent to both u; and v;. This contradicts the
maximality of m. So, ¢; <4+ 2/d. |

Claim 6. Foreachv ¢ X, IN(v) N {uy, v1, 21, 24} <2

Proof. Otherwise, we can swap v with either z; or z| so that the new assignment
is better than A. [ |

Let F = deg(u;) + deg(v;) + deg(z;) + deg(z}). Since ujv; ¢ E(G)and 2,2 ¢
E(G),we have F > 2n 4 2k(1 4+ 1/d) — 6 — 2d. On the other hand, in view of the
claims above, and the fact that forevery k —w + 1 < j < k, {ur, vi} N {u;, v;}| <
1, we have

k
F<2n—1XD)+ Y g+ (2s = 1) = (Na@))| + INu()]) + w)

i=1
<2n—s—2k—w—m)—m)+2+2/d+k —-—w—-—m—1)(6+2/d)
+m(4+2/d)+4w/d+ 2(s — 1) — 2d + w)
<2n+2k(1+1/d) — 6 —2d — w(l — 2/d)
<2n +2k(1 + 1/d) — 6 — 2d.

This contradiction proves Lemma 3 and hence Theorem 2. |

3. UPPER BOUNDS FOR THEOREM 1

Letd = 2. If k = 3, then the statement follows from the original result of Ore [15].

Let k£ > 4. Analyzing the proof of Theorem 2, we find that in order to prove
Theorem 1 we need to modify only the proof of Lemma 1. In this section, we prove
this lemma under conditions of Theorem 1.

Journal of Graph Theory DOI 10.1002/jgt



22 JOURNAL OF GRAPHTHEORY

Proof of Lemma 1. Choose (u;, v1) € Q such that u; and v, together have the
minimum number of neighbors in S (with multiplicities) among all pairs in Q. One
of u; and v; is not adjacent to at least half of vertices of L. We may assume that v; is
this vertex and v; is not adjacentto L; € L with |L;| > 0.5|L]|. Let x be the number
of non-neighbors of v; in S. We have 1 < x < |NH(v(1))|, since ujv; € E(G). Thus

3)

_ k—ag—m—
deg(vﬂfn—l—(x—l—n St - w).

2

Letu € Lyand T = Q' — N(u). Let |T| = ¢. Then at least one end of each pair
of Q is not adjacent to u, that is, every pair in Q should have at least one end in 7.
This means that

Y degyion() = g (4)
ve f~H(T)
Since 8(H) > 2, we have
Y degy gy (V) + 205 — 1) < 2K, (5)
ve f~1(T)
that is,
t>q/2+s—k. (6)
By definition,
deg(u) <n—1-—t (7)
Therefore,

deg(v1)+deg(u)§2(n_1)_(x+n—s+k—q_m_w>

2
—(q/2+s—k). 8)

Since uv, € E(G),
deg(v;) + deg(u) > n + 3k — ¢)/2, 9)

where ¢ = 8 if n < 2.5k — 5.5 and ¢ = 9 otherwise. Thus, we have

2—m—-—w)y<n—s—m—w++ (c—4) — 2x. (10)

If 2(k —m — w) <n — s — m, we are done. Otherwise, c — 4 — w — 2x > 1.
Ifc =8, thenw + 2x < 3.Notethatw + x > 2andx > 1,x = w = 1 and in the
above argument, |L;| = 0.5|L| and we also achieve equalities in (3)—(10). Since

Journal of Graph Theory DOI 10.1002/jgt
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|Li| = 0.5|L|, the roles of u; and v, are interchangeable. But when we consider
uy, since H is simple, x > 2. Therefore, 2(k —m —w) <n —s — m.

Now let ¢ =9 and n > 2.5k — 5.5. Note that since w + x > 2, we have the
following two cases.

Case 1. (x,w)=(2,0), or (x, w) = (1, 2). In either situation, 2(k — w — m) =
n —s —m+ 1. Moreover, |L;| = 0.5|L| and we achieve equalities in (3)—(10).
More specifically:

(D Since |L;| = 0.5|L]|, the roles of u; and v, are interchangeable.
(II) By (5),in H, every vertex in f~'(S — T) has degree 2.
(IIT) By (6),gisevenandt = q/2 + s — k. By (9), kis odd. Thus |Q| < k — 3.
av) By (7), (8),deg(vi) =n—1—x—|L|/2and deg(u) =n — 1 — 1.
(V) By 10),2(k —m —w)=n—s—m—w+ 1, thatis,n =2k + s —m —
w— 1.

If (x, w) = (1, 2), then u; has exactly one non-neighbor in § too, otherwise,
instead of considering v;, we consider u; and thus x = w = 2, we are done. Hence,
either of u? or v) has degree 2 in H. If ¢ > 3, then there is a pair (], v}) in Q
with more non-neighbors in S than (1, v;), a contradiction. Thus ¢ = 2. But then
t < 1. Thus, deg(u) > n — 2 and u is a common neighbor of another pair in Q, a
contradiction to the choice of Q.

If (x, w) = (2,0), thenin H, u?, v(f both have degree 2. In fact, we may choose
any pair of Q and the same argument works. Thus, every end of an edge in Q
has degree 2 in H. Together with (I), this yields that H is 2-regular. Hence s = k.
Therefore, t = g/2 and deg(u) = n — 1 — g/2, that s, u is adjacent to every vertex
of § — Q. Note that for every v € Q,deg(v) =n — 1 — |L|/2, that s, v is adjacent
to every vertex of R. Observe that |[R| >n+ 3k —-9)/2—-(n—-2)—(k—2)=
(k+3)/2. Thusby V), n =3k —1—-m=3k—-1—(k—|Q|+|R)=2k—1+
Ol —|R| <2k —1+(k—3)—(k+3)/2=2.5k—15.5, a contradiction.

Case 2. w = x = 1. Then viu; € E(G) for some j. We observe that since w =
1, u; and v; have at most s — 3 + s — 2 = 25 — 5 neighbors in § (counting with
multiplicities). Then u#; and v; together have atleastn 4+ (3k — 9)/2 — 25 4+ 5 edges
to V(G) — S, and hence at least (3k + 1)/2 — s > (k + 1)/2 common neighbors in
V(G) — S. It follows that ¢ > 1 + (k + 1)/2 > 3. Thus, we are able to choose a
pair in Q such that either each end of the pair has at least 2 non-neighbors in S, or
one end of the pair is u j, and the other end has fewer neighbors in S, a contradiction
to the choice of uy, v;. |

4. EXAMPLES

In this section, we give three examples to prove the lower bounds of Theorems 2
and 1.
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Example 1. Let d >2. Let V(G)= QU Q,ULUT, where |Q| = |0>| =
lk/d],|L| =k —1, and |T| =n — 2|k/d| — k + 1. Since k > d?, there exists a
bipartite simple graph G; = (Q1, O»; E;) such that the degrees of all vertices are
at least d and at most d + 1. Moreover, if k/d is an integer, then there exists a
d-regular bipartite graph G| = (Q1, O»; E1). Let the complement of our graph
G be the union of the complete bipartite graph G(Q, T) with the partite sets
Q) and T and the graph G,. If d divides k, then each vertex in Q; has degree
2k/d —1 —d + k — 1, each vertex in T has degree n — 1 — k/d, and the degree of
each vertex in 0, isn — 1 — d. Since k > d?, when d divides k, we have

02(G) = 2kjd — 1 —d+k—1)+min{n — 1 —k/d,n — 1 — d}
=n+k(1+1/d)—3—d.

If d does not divide k, then each vertex in Q) has degree at least 2|k/d| — 1 —
d — 1+ k — 1, each vertex in T has degree n — 1 — | k/d], and each vertex in Q>
has degree at leastn — 1 —d — 1. Since k > d(d + 1), we have n — 1 — |k/d| <
n — d — 2 and therefore

k k+1
Uz(G)=n+k+ E —4—d=n+k+ 7 —5—d.

Take H to be the bipartite graph G| = (Q1, O»; E1). We claim that G has no H-
subdivision in which the branch vertices are the original vertices of H. If G had
such a subdivision, then every path of this subdivision corresponding to an edge in
H would contain a vertex in L, but |L| < k.

This example shows that (n + k(1 + 1/d) —3 —d) + 1 is a lower bound for
Ryk,a)(n) for each n > 2k if k > d? and d > 2 divides k. When d > 3 does not
divide k and k > d(d + 1), then the example yields the bound Ry q)(n) > n +
k—d—4+ [

Example 2. Letd =2,k >3beodd,0 <r <k—3,and 2k <n <2.5k—5.5.
Let V(G)=TUQ,UQ,UL{UL,UR, where |T|=3,|01| =102 =k —
3)/2,|Li| = |Ly] =k —2 —r, and |R| = r. Define the complement, G, of G as
follows:

EG)={uv:u,veTYU{uv:uec Q,ve L}
Ufuv:u € Qr,v e Ly} UE(Ci_3),

where Cy_3 is a spanning cycle in Q| U O, and vertices of Q; and Q, alternate on
Cr_s3.

Forue QU Q,,degu)=(k—-3)+r+k—-2—-r)=2k—-5;forve L, U
L,, deg(v) =n — 1 — (k — 3)/2; for each other vertex u, deg(u) > n — 3. Thus,
02(G) =min{2k —5+n —1—(k—3)/2,2(2k — 5)}. For n <2.5k—15.5, we
have 0,(G) = n + 3k — 9)/2.
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Let H = C3 U Cy_3 and take T and Q; U Q> as the sets of branching vertices
for C3z and Cj_3, respectively. We claim that G has no H-subdivision with
these branch vertices. Indeed, each path corresponding to an edge in Cj_j3
contains either a vertex in R or a vertex in L; plus a vertex in L,. Each path
corresponding to an edge in C3 contains a vertex in RU L; U L,. If we spend
all r vertices in R for paths corresponding to edges in Cy_3, we still need 3 +
2(k — 3 —r) = 2k — 3 — 2rvertices from L U L,, buthave there only 2k — 4 — 2r
of them.

Note that n(G)=k+r+2k —2—r)=3k —4 —r. Thus, this example
shows that Ry q2)(n) > n 4+ 3k —9)/2 for each n € [2k — 1,2.5k — 5.5] and
odd k > 3.

Example3. Letd =2,k > 3beodd,andn > 2.5k — 5.5. An example for k = 3
and H = Cj3is an n-vertex graph G that is the union of two complete graphs sharing
exactly one vertex. This graph G has no cycle through two vertices separated by
the cut vertex and 0»(G) = n(G) — 1.

Let k>5 and H=Cy. Let V(G)=TUQ,UQ,ULUT, where |Q;| =
(k—1)/2, |02l =k+1)/2, |[Ll=k—2, and |T| =n — 2k + 2. Define the
complement, G, of G as follows:

E(G)={uv:ue Q,veT}UE(),

where Cy is a spanning cycle in Q1 U O, and vertices of O and Q, alternate on
Cy apart from one edge of C; connecting two vertices in Q5.

Each vertex in O has degree (k — 3) + (k — 2), each vertex in 7 has degree
n —1—(k—1)/2, each vertex in Q; has degree n — 3, and vertices in L are all-
adjacent. Since k > 5, we have

02(G) =2k =5+ minfn — 1 —(k—1)/2,n —3} =n+ 3k — 11)/2.

We claim that G has no H-subdivision with Q; U O, as the set branch vertices
arranged so that no edge of G connects the images of adjacent vertices of H.
Indeed, each path in G corresponding to an edge in H, apart from one, should
contain a vertex in L, but |L| = k — 2, a contradiction.

This shows that Ry 2)(n) > n 4+ (3k —9)/2 for each n > 2.5k — 5.5 and odd
k> 3.
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